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YpaBHeHUe JIMyBUIIIA




DNeMeHTbl FraMUJIbTOHOBOW MexXaHUKWN

o CocTosiHre MEXaHUYIECKON CUCTEeMbI U3 OOJIBIIOro Yucia JacTul] N OmuchbiBaeTcs Habo-
POM ODOOIIEHHBIX KOOP/MHAT (1...N ¥ ODOOIIEHHBIX UMITYJIbCOB P1... N -

e JIjisi TOYEYUHBIX YACTUI, P — OOBIYHBIA UMILYJILC MV, &  — OOBIYHBIA PAJINYC-BEKTOD I.
list 6ojiee CIIOKHBIX CIyYaeB P U ( HE CTOJIb OYEBUJIHBI, & UX Pa3MEPHOCTb MOXKET OBITH
6oJibIlie 3, HAIPUMED /I y9IeTa BPAIEeHu# U KOaebaHuit.

e Heobxonumo 3HaTh, Kak Bbrancisgerca pyHknusi lamunbprona (raMuiabToHuAaH, H)
970 umciaoBasi GYHKIMS OT (1...N, P1...N U BPEMEHHU t, UMEET CMbBICJI SHEPTUU CUCTEMBI.
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leTtepMnHnam n cnyydaimHocTb
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SBnsiercs M ee manbHEIEe PA3BUTUE CIIyIafiHBIM !

OTBer MmaTeMaTuKa

Her, koneuno! Bamu ypasuenusi l'amuibrona ssisitorest cucremoit JIY nepsoro
MOpsIKa, MMEIOT €/IMHCTBEHHOE PEeIleHre IPU 33/IaHHbIX HAYAJbHBIX yCJIOBHUSIX.

Bospaxkenue dpusuka

Ho crycrst HekoTopoe BpeMs JBUKEHUE YACTHUIL BBITJISIIAT OECIIOPSIOIHBIM,
JlaKe ec/Ii BHAYAJIE OHU JBUTAJHUCH YIOPIJOIEHHO!

ITosicHenne maTremaTukKa

He Bcerma. Ecan gacrumaM HEYTO He MemraeT, OHH OyayT JE€TETh IO IIPSIMOIL.
Bce mpouncxonur us-3a B3aumMoaeicTBUI YaCTHIL CO CTEHKAME COCY/Ia U MEXK-
ay coboit. OHKM BHOCAT KarKyILyIOCs HEIIPEICKA3yeMOCTb B JUHAMUKY CHCTEMBI.
ILroc Ko BceMy MaJsioe m3MeHeHHe HadaJIbHBIX YCJIOBUN BBI3BIBAET OOJIBIINE OT-
KJIOHEHWsI B DEIIeHUN YPABHEHUI. DTO HA3bIBACTCH JUHAMMYECKHH Xaoc.

[Xopomo. MoKHO 1 CYUTATh Pa3BUTHE CHUCTEMBI cnyqaﬁHmM?J




Cny4aeH nn 6pocok MoHeTKun?

Rosencrantz € Guildenstern Are Dead / Tom Stoppard



da30Boe NPOCTPaAHCTBO

[A GPOCOK MOHETKHU MOYKHO CUHTATH CJIyYailHbIM ! ]

e Ecin y4yecTh Bce-Bce-Bce, 9TO TOJIBKO MOYKHO, TOTJA MaJeHIUEe MOHETKH IIPEICKA3bIBAETCS TOYHO.
e To ke camoe MOXKHO CKa3aThb PO TepMoJuHaMudeckue cucreMbl. OIHAKO, TOYHO 3adUKCUPOBATD

23 o 23 o
~ 10 HavaJIbHBIX yCJIOBUU U pellaTb ~~ 10 YpaBHEHNHN Ha IPAKTUKE HEBO3MOXKHO, /J1a 1 HE HY2KHO.

e BMecTo 3TOro Mbl M3HAYAILHO OyJeM IOBOPHUTb O 6EpOAMHOCMU HabII0IATh CUCTeMy OJIM3KO K
ToMy mim mHOMY coctoanuio X = (qi...n,P1...n). s sroro ncnoassyerca PDF w( X, t).
COBOKYTIHOCTb BCeX BO3MOYKHBLIX 3HadUeHnit X HasbiBaeTcsd Pa3OBbIM IMPOCTPAHCTBOM.

BepOHTHOCTb CUCTEMBI OBITH B KAKOM-TO COCTOSIHUU U3 IIOJIMHO>KE-
crBa, {) BBIYUCIIAETCS CTaH/IapPTHO:

P(X Q)= /w(X, t)dX, P MOXeT 3aBHUCETDH OT .
Q

C nomompo w(X, ) MOXKHO BBIYHCIIATH CPEJHUAE XAPAKTEPUCTUKA
BCeil cucTeMbl (MaKpOIAPAMETPHI):

(fy = /f(X)w(X, t)dX, (f) moxer 3aBucers ot t.



da30Boe NPOCTPaAHCTBO

[A GPOCOK MOHETKHU MOYKHO CUHTATH CJIyYailHbIM ! ]

e Ecau y4decThb BCe-BCe-BCE€, YTO TOJIBKO MOXKHO, TOI'Zla IIa/JleHUue MOHETKHU IIPEJICKa3bIBa€TCdA TOTHO.

e To ke camoe MOXKHO CKa3aThb PO TepMoJuHaMudeckue cucreMbl. OIHAKO, TOYHO 3adUKCUPOBATD
23 . 23 "
~ 10"° HavaJbHBIX YCJIOBUIl 1 pemarh ~ 1077 ypaBHEHMI HA IPAKTUKE HEBO3MOXKHO, Ja U HEe HYKHO.

e BMecTo 3TOro Mbl M3HAYAILHO OyJeM IOBOPHUTb O 6EpOAMHOCMU HabII0IATh CUCTeMy OJIM3KO K
ToMy mim mHOMY coctoanuio X = (qi...n,P1...n). s sroro ncnoassyerca PDF w( X, t).

Ham HeoOxommMo ypaBHEHUE,
ormchiBaroree nosenenue w(X,t)

Q Q

BCeil cucTeMbl (MaKpOIAPAMETPHI):

COBOKyHHOCTb BCEX_BO3MOXKHBIX 3HaUYeHU X Ha3bIBAETCS éa30BbIM IIPOCTPAHCTBOM.

TOIMHOXKE-

PTX €3] = / WX, T)aX,; I MOKET SABNUCeTD OT 1.

C nomompo w(X, ) MOXKHO BBIYHCIIATH CPEJHUAE XAPAKTEPUCTUKA

(fy = /f(X)w(X, t)dX, (f) moxer 3aBucers ot t.



VYpaBHeHue JlnyBunnsa

e Brisox ypasrenus Jluysuiuisa gt w(X,t) oCHOBbIBaeTCs Ha HaGJIIO-
JIEHUU 38 BEPOSITHOCTBIO TOTO, UTO COCTOHHE CHCTeMbl Oyzer X mpu-
HaJJIEXKaTh K IPYIIIe COCTOsTHUIA ().

e [IpencraBum cebe GOTBITIOE TUCTO peaTu3alluii Halllel CIyIaitHoON cu-
creMbl (cTaTUCTUYeCKUi aHcaM6uib). B MOMEHT BpeMeHH ¢ KaxKjas U3
X(t+dt) mmx 0oTOOpaXkaeTcst TOYKO B pa30BOM IIPOCTPAHCTBE, a «ILJIOTHOCTH 00-

JlaKa» 9THX TOYEK COOTBETCTBYeT 3HadeHmsiM w (X, t).

e Bepositaocts P(X € Q) MeHsIeTCsI, IOTOMY YTO MEHSIETCsI COCTOsIHIE KaXK [0l CHCTeMbl B ancambiie,
¥ TOYKN X BXOASAT U BBIXOHAT U3 06sacTh ). DBOIIONUIO KaxKI0H CUCTEMBI B (Pa30BOM IIPOCTPAHCTBE
[IOKa3bIBaeT «BEKTOp cKopocTu» dX/dt, mpuuem

X _d Jo (PHX) R OHY) o)
b qp\dreNsPL.N) = opr 7 Opn o 7 daw

=V(X)

e O6o3HayuM ¥ rpaHuily ob6JacTH ) U N — «BEKTODP» BHEIIHEH HOPMAaJHU K HE.
BBezseM «BEKTOp» IUIOTHOCTH IIOTOKa BEPOSTHOCTH W - V) (IJIOTHOCTB X cKopocTh). Torna

oPrP ow
Q b

u3MeHeHne P mopoXKIeHO TOTOKOM
BEPOSITHOCTU Yepe3 I'PAHUILY



VYpaBHeHue JlnyBunnsa

oP ow .
5 = EdX_—?{(uﬂ%n)dE——/dlvx(wV)dX
Q

= Q

Tlocsetamit mepexoz obbsicasiercst popmysnoit Ocrporpasckoro-laycca. « CkassipHOe TPOU3BEICHIES
IIPOM3BOMTCS 110 BCEM KOMIIOHEHTAM «BEKTOPOB» V = dX/dt u n, Tax ke U «IUBEPreHIysay» 6epercs
Mo BceM KoMmoHeHTaM «BekTopay X. Ilo dbopmysram BekTOpHOTO anamn3a:

ax ow  dX ow  dX pasercreo divx (V) =0
divx <w—) = (— . —) +wdivx (V) = <— : —) 00yCJIOBJIEHO aHTUCUMMeTpueit
dt 0X dt —_ 0X dt

~ ypaBuennit ['amuibTona

B urore, B cuity mpoussosibHOCTH BBIOOpa ObTactu {2

dw _ OJw ow dX
ow ow dX _ —E——l—(—-—):
/[E‘F(aixﬁ)} dX =0 = dt ot 0X dt
Q W COXpaHAETCHA BAOJIb TPaeKTOpui
dw/dt B $as’oBOM IIPOCTPAHCTBE
Ocrayioch BCIOMHUTD, UTO ax _ i( )= IH OH _OH _OH
9 dt - dt ql.N7p1N - 8p17"'7 apN’ 8q17"'7 8qN



VYpaBHeHue JlnyBunnsa
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Tlocsetamit mepexoz oo bsicasiercst popmynoit Ocrporpasckoro-laycca. « CkamsipHOe IPOU3BEICHIES
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HyneBoe Hauano tepmognHammnkn

ow = Ow OH Ow OH
EJFZ(aqi.@pi_@pi'@qi)_o

i=1

e TepmommHaMmUIecKas cucTeMa (€C/In ee He TPOraTh) O0A3aTEIbHO MPHJIET B COCTOSHUE, B KOTOPOM
ee MaKpoIlapaMeTPhl IePECTAHyT U3MEHATHCA. VIHTYUTHBHO, 9TO COOTBETCTBYET PACIPEIEIEHUIM C
Ow/dt = 0. Ho amo me o3nadaem, 4mo oCmanosuioch J6UINCEHUE HACTIUY, 6 CUCTIEME.

e 3HAYWT, MBI UIIEM CTAIMOHADHbIE PEIeHNsI ypaBHEeHUs JIMyBuiisa. DTo NpoIe, IeM KarKeTcs.
JIro6ast byHKIMS TaMHIBTOHUAHA sIBJIsieTcst TakuM pererueM, T.e. w(X) = f(H(X)).

JokazareabcTBo:
ow , OH ow / OH
1 = 2 =
) Ip; f(#H) p; o f(H) AT 3) Jasee OUEBHHO

e B mamem Kypce MbI paCCMOTPHM JIBa KOHKDETHBIX Corydasi (pacmpemenenus [ u66ca):

1
I) M3osmmpoBaHHast CUCTEMA C 38 JaHHBIM OO'bEMOM w(X) = —=0(H(X) — Eo)

w

II) HensosmposanHast cucreMa ¢ 3a3JaHHbIM obbemoM  w(X) = %exp [—AH(X)]



N

HyneBoe Hauano tepmognHammnkn

e TepmommHaMmUIecKas cucTeMa (€C/In ee He TPOraTh) O0A3aTEIbHO MPHJIET B COCTOSHUE, B KOTOPOM
ee MaKpoIlapaMeTPhl IePECTAHyT U3MEHATHCA. VIHTYUTHBHO, 9TO COOTBETCTBYET PACIPEIEIEHUIM C

oH  Ow ay)_o

dw N~ (v OH_Ow
ot =~ \0aqi 9p; Op:i O

Ow/dt = 0. Hp d <Mme.
® 3HAYUT, MBI -
JTio6as bynx CJIO>KHBII BOIPOC Ha OyayIiiee ).
HokaszarenancT
0
1) gp| COOTBETCTBYET JiH ypaBHEHHe JInmyBuis
HYJIEBOMY HAYaJy TEePMOIUHAMUKN !
e B mamem Ky ca):
1 J
I) M3osmmpoBaHHast CUCTEMA C 38 JaHHBIM OO'bEMOM w(X) = W(S(H(X) — Ey)
II) HensosmposanHast cucreMa ¢ 3a3JaHHbIM obbemoM  w(X) = %exp [—AH(X)]

€M KaXKeTCHd.



MukpokaHoHn4eckoe pacnpegeneHue ['nbbca

TEIJION30JIMPOBAHHBIE CTEHKU
SHeprusi pUKCUPOBaHA

e B usosmmpoBannoii cucreme ramuisrornan H (X)) siBiistercs mo-
CTOSIHHBIM U paBeH IOJIHOf 9Hepruu cucreMbl Fo

1) Cocrostnus X, nius koropbix H(X) # Eo, HEBO3MOXKHDI
2) Cocrosinus X, qyst kotopeix H(X) = Fo, paBHOBEPOATHDBI

w(X) = 7 O(HX) — Bo), vae W = [ 6(H(X) — Eo)dx

I'py60o rosopst, W — uucsio mukpococTossuuii ¢ sueprueii Fy

] CpeﬂHI/Ie SHAYCHUA BBIYUC/IAIOTCA JIETKO:

1
(= [ FOOAX, v 0, = (9 1Y) = Bo)
Q,

e [lycTs cucrema coCTOUT M3 ABYX CIa00 B3aUMOAEHCTBYIOMIUX
noxcucrem: X = (X1, X2)

H(X) = H(Xl) + H(XQ) + HBB(-X)7 rae HBa(X) < H(XI,Q)
rorga H(X1,2) Moryr 6biTh caMbiMu pasubivu, 1 PDF y noxcu-
creM TOYHO He J-DYHKIUU.



KaHoHun4eckoe pacnpeaenenue [(1bbca

cucreMa He N30JIMPOBAHA
ee dHeprus He PUKCUPOBAHA

e B HensosmpoBaHHO# cucreMe raMusibroHnal H(X) He siBiister-
Cs1 IOCTOSTHHBIM. MOKHO ITOKa3aTh, YTO €CJIM CHCTEMY OKDY2?KaeT
GOJIBIIIAST TEITION30JMPOBAHHAS CHCTEMA (TEPMOCTAT), TO

w(X) = %exp(—ﬂ?—t(X)), roe Z = /exp(—ﬂH(X))dX

oo
70 yrKe HpHOINKeHNe, T.K. pa3peliaer Jioobie H

Z my»KHa JiJIs pacdera cBoOOIHOI sueprun F
Cwmbict napaMerpa 3 Mbl paCKpPOeM B JlajibHeIeM
OH OIUHAKOB [IJIs JIIOOOH CUCTEMBI B TOM K€ TepMOCTaTe

e IlycTs cucrema cocTouT M3 ABYX €200 B3aMMOAECHCTBYIONNX

noncucrem: H(X) = H(X1) + H(X2) + Hes(X). Torma
w(X1, Xa) & o exp(—FH(X1)) o exp(—FH(X2)
—— 1 2

X

w(X1) w(X2)
IlogcucreMsr ¢ xopoilreil TOYHOCTHIO CTATUCTHIECKN HE3ABUCH-
MBI, U KaxKjasl mMmeeT Takyio ke mo ¢dopme PDF, kak u Bca
CHCTEMa, C TeM Ke 3HadeHHeM mapamerpa 3.



